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Abstract Let K, (n, w, t, d) be the minimum size of a code over Z, of length n, constant
weight w, such that every word with weight ¢ is within Hamming distance d of at least one
codeword. In this article, we determine K, (n,4,3, 1) foralln > 4,g =3,40rqg =2" +1
with m > 2, leaving the only case (¢, n) = (3,5) in doubt. Our construction method is
mainly based on the auxiliary designs, H-frames, which play a crucial role in the recursive
constructions of group divisible 3-designs similar to that of candelabra systems in the con-
structions of 3-wise balanced designs. As an application of this approach, several new infinite
classes of nonuniform group divisible 3-designs with block size four are also constructed.
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Group divisible ¢-design - H-frame
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1 Introduction

Let Z; denote the set of all n-tuples over Z,. The elements of Z; are called words. For each
word u and i € {1,2,...,n}, u; denotes the ith component of u. The Hamming distance
between two words u, v is defined as A(u, v) = |{i : u; # v;}|. The Hamming weight wt (u)
of u is defined as the distance from the origin, i.e., wt (1) = A(u, 0). An (n, w, t, d) constant
weight covering code over Z, is a subset of ZZ with constant weight w, such that every word
with weight 7 is within Hamming distance d of at least one codeword. Denote the minimum

size of such a code by K, (n, w, t, d) and a code achieving this size is called optimal.
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One of the main motivations for studying covering codes is their applications to universal
data compression algorithms, see e.g. [3,8]. Consider a universal quantizer, which consists
of a bank of optimal constant weight covering codes, one for each weight. An input vector
x is compressed by the universal quantizer to a pair (i, j), where i indicates the selected
code according to the weight of x and j indicates the codeword closest to x in the selected
code. Apart from these applications, the determination of K,(n, w,t,d) is a fundamen-
tal combinatorial problem which was studied by many researchers in the last sixty years.
In combinatorics, there are several kinds of equivalent combinatorial objects [4], such as
Turan designs, lottery schemes and covering designs. For w — ¢ > 0, an (n, w,t, w — t)
constant weight covering code over Z, is equivalent to a kind of group divisible covering
design. A great number of papers have been published on the lower and upper bounds of
Ky, w,t,d) for g = 2, see [2,5]. However only specific values of them are determined,
suchas K>(n, 2,t,t—2) [25], K2(n, 3,2, 1) [6], K2(n, 4, 3, 1) [12], K2 (1, w, 2, w—2) [14].
For g > 3, some results can be found in [13].

Group divisible #-designs have been studied for many years by numerous researchers for a
variety of reasons, see e.g. [4]. Important applications of these designs include the construc-
tion of other types of combinatorial structures, e.g. pairwise balanced designs and frames.
Recently, Keranen and Kreher [18] started the investigation on the existence of nonuniform
group divisible 3-designs. However, the existence problem is rather difficult and the known
results are far from complete despite the effort of several authors (see [18,27]).

In this article, we pay particular attention to the determinationof K, (n, 4,3, 1) forg = 3,4
or g = 2" 4+ 1 with m > 2. The problem will be solved almost completely with the only
case (g, n) = (3, 5) undetermined. This result is obtained by solving an equivalent problem,
that is, the existence of group divisible coverings of triples by quadruples using combina-
torial tools. Besides these, we also focus on the existence problems for nonuniform group
divisible 3-designs with block size four. Several new infinite classes of such designs will be
constructed.

Our construction method for the above two problems is mainly based on the auxiliary
designs, H-frames, which play a crucial role in the recursive constructions of group divisi-
ble 3-designs similar to that of candelabra systems in the constructions of 3-wise balanced
designs. We believe that the theory of candelabra systems and H-frames will be proved useful
for solving the general existence problems on both group divisible coverings of triples by
quadruples and nonuniform group divisible 3-designs with block size four.

2 Preliminary

Let v and ¢ be positive integers and K be a set of positive integers. A group divisible t-covering
(or t-GDC) of order v with block sizes from K, denoted by GDC(¢, K, v),isatriple (X, G, B)
such that

(1) X is a set of v elements (called points);

(2) G ={Gy, Gy, ...}isasetof nonempty subsets (called groups) of X which partition X;

(3) B is a family of transverses (called blocks) of G, each of cardinality from K, where a
transverse is a subset of X that intersects any given group in at most one point;

(4) every t-element transverse of G is contained in at least one block.

The excess of a t-GDC is the multi-set of ¢-element transverses 7" of G with multiplicity
{B € B: T C B}| — 1. The type of the GDC(¢, K, v) is defined as the list (|G||G € G).
If a GDC has n; groups of size g;, 1 < i < r, then we use an “exponential” notation
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ny ,n2

g1'g>* -+ g to denote the group type. A 1-GDC is called uniform if all of its groups have
the same size. When K = {k}, we simply write k for K.

A t-GDC is known as group divisible t-design (or t-GDD), denoted by GDD(t, k, v),
if every z-element transverse 7 of G is contained in exactly one block. Mills [22] used
H(n, g, 4, 3) design to denote the GDD(3, 4, ng) of type g". A GDD(¢, K, n) of type 1" is
also referred to as a t-wise balanced design of order n with block sizes from K, denoted by
S(t, K,n). When r = 3 and K = {4}, it is well known as Steiner quadruple systems and
denoted by SQS(n). Hanani [9] has shown that an SQS(n) exists for all n = 2, 4 (mod 6).

Theorem 2.1 ([16,22]) Forn > 3 andn # 5, a GDD(3, 4, gn) of type g" exists if and only
if ng is even and g(n — 1)(n — 2) is divisible by 3. Forn = 5, a GDD(3, 4, 5g) of type g°
exists when g is even, g # 2 and g # 10, 26 (mod 48).

Let C(n, g, k, t) denote the minimum number of blocks in any GDC(¢, k, ng) of type g".
A GDC(t, k,ng) of type g", (X, G, B), is optimal (OGDC) if |B] = C(n, g, k,t).
Clearly, if a GDD(t, k,ng) of type g" exists, then it is optimal. Let L(n, g, k,t) =
[érree=h ... 8=t ... 17, Schonheim [23] showed that C(n, g, k. 1) > L(n, 8. k.1)
foralln > k>t > 1.

For t=3, k=4 and g=1, Mills [20] has shown that C(n, 1,4,3)=L(n, 1,4,3)
for all n=£7(@mod 12). Kalbfleisch and Stanton [17] and Swift [24] have shown that
C(7,1,4,3)=L(7,1,4,3) + 1=12.Mills [21] also proved that C (499, 1, 4, 3) = L (499, 1,
4, 3). Hartman et al. [12] have shown that C(n, 1,4,3)=L(n, 1,4, 3) for all n > 52423.
It was recently improved by Ji [15] that C(n, 1,4,3)=L(n, 1,4,3) for all n with an
exception n=7 and possible exceptions of n=12k + 7,k € {1,2,3,4,5,7,8,9, 10,
11,12, 16, 21, 23, 25, 29}.

Lemma 2.1 The existence of an OGDC(t, k,ng) of type g" is equivalent to that of an
optimal (n,k,t,k — t) constant weight covering code over Zgyy, ie., C(n, g, k,t) =
Kopi(n,k,t, k—1).

Proof Suppose we have an OGDC(z, k, ng) of type g", (I, x I, {{i} x Ig : i € I}, B),
where Iy = {1, 2, ..., s}. For each block {(ay, b1), (az, b2), ..., (ax, bx)} € B, we obtain a
codeword of length n by putting b; in the position of a;, I < j < k, and zeros elsewhere. It
is easy to see that all the resultant codewords form an optimal (n, k, ¢, kK — ) constant weight
covering code over Zg 1.

Conversely, suppose we have an optimal (n,k,t,k — t) constant weight covering
code C over Zg,j. For each codeword u €C, if the nonzero positions of u are aj,

as, ..., ax, and the corresponding components of u are by, ba, . . ., bx, then we form a block
{(a1, b1), (az, b2), ..., (ar, br)}. It is easy to check that all the resultant blocks form an
OGDC(t, k, ng) on I, x I, with group set {{i} x I, :i € I,}. O

Now, we give the concept of an H-frame, which is a generalization of that in [12]. An
H(t, K, v) frame is an ordered four-tuple (X, G, B, F) with the following properties:

1. X isasetof v points;

2. G =1{Gy, Gy,...}is apartition of X into groups;

3. Fisafamily {F;} of subsets of G called holes, which is closed under intersections. Hence
each hole F; € F is of the form F; = {G;, G, ..., G}, and if F; and F; are holes
then F; N F is also a hole. The number of groups in a hole is its size; and

4. Bis aset of transverses (called blocks) of G, each of cardinality from K, such that every
t-element transverse of G which is not a 7-element transverse of any hole F; € F is
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contained in precisely one block, and no block contains a ¢-element transverse of any
hole.

If all the groups in G have the same size g, then (X, G, B, F) isan H(v/g, g, K, t) frame as
defined in [12], which is shortly denoted by HF(v/g, g, K, t). If an HF(q, g, K, 3) has n;
holes of size m; + s intersecting on a common hole of size s,i = 1,2, ..., r, then we denote
such a design as K-HF, (m''m5* ---m;" : ). When g = 1,a K-HF; (m/'m3* ---m;" : 5) is
known as a candelabra system, denoted by K—CS(m?l m;z ceemi s) (X, S, T, B), where S
is the common hole called stem, I’ = {F \ S : F € F}is the set of groups. When K = {4}, it
is called a candelabra quadruple system (CQS). If an HF(¢q, g, K, 3) has only one hole of size
s, then we call it an incomplete group divisible design, denoted by IGDD((q : s), g, K, 3).

If an H(3, K, v) frame, (X, G, B, F), has the properties that all the groups in G have the
same size g except for G, which has size g — 1 and F has n; holes of size m; + s inter-
secting on a common hole of size s,i = 1, 2, ..., r, while G| belongs to the common hole,
then we call such an H(3, K, v) frame a modified H(3, K, v) frame, which is denoted by
K-MHF, (m''m5* - -m;" = s).

Lemma 2.2 [20] There exists a CQS(6" : 0) for alln > 0.
Lemma 2.3 For each integer n > 3, there exists a {4, 6}-CS(2" : 2).

Proof For each n = 0,1 (mod 3), n > 3, there exists a CQS(2" : 2) obtained from an
SQS(2n+2).Foreachn = 2 (mod 3),n > 5, there exists a {4, 6}-CS(2" : 2) obtained from
a CQS(6" /3 : 0) by taking two points from two distinct groups as stem points. O

Lemma 2.4 Suppose that (X, S, T, A)isa K-CS(m" : s)andoo € S. Let K| = {|A]| : 00 €
A€ Atand Ky = {|A]| : 00 & A € A}. Ifthere exista4-HF o (t“171 1 a)(4-MHF,(t*1~! : a))
foreachky € Ky and a GDD(3, 4, gtky) of type (g1)*2 for each ko € Ko, then there exists a
4-HFo((tm)" 1 t(s — 1) +a) (4-MHF¢((tm)" : t(s — 1) + a) respectively).

Proof Suppose that the given K-CS(m" : s) has group set ' = {G1, ..., G,}. We first
construct a 4-HF, ((tm)" : t(s — 1) + a). Define G;’j =x X {j} x Zg. Let X' = ((X \
{oo) X Z; x Zy)U({oo} x Zy X Zy), G’ = {G;J tx € X\{o0}, j € Z,}U{Géo,j 1 j € Za},
F ={F; :0<i <n}, where Fy = {G;J x €S\ {00}, j € Z[}U{G’oo’j : j € Z,} being
the common hole of size (s — 1) +a and F; = {anj xe€Gi,je ZJUFyforl <i <n.

For each B € A and co € B, construct a 4—HFg(t|B|_1 :a)on ((B\ {o0}) X Z; x
Zy) U ({oo} x Z, x Zg) with group set {G;’j tx € B\ {o0},j € Z}U {Ggo’j 1 J € Zy}
and holes F, = {G;’j 1 Jj € Z;} U Fso, x € B\ {00} intersecting on a common hole
Foo = {Géo,j 1 J € Z,} of size a. Denote its block set by Ap.

Foreach B € Aand co ¢ B, constructa GDD(3, 4, gt|B|) of type (g1)!8 on B x Z; x Z,,
with group set {x x Z; x Z, : x € B}. Denote its block set by Cp.

Let A = (UpeA.coeBAB) U (UpeA,00¢BCp). It is easy to check that A’ is the block set
of a4-HFg((tm)" : t(s — 1) + a) on X’ with group set G’ and hole set F.

The proof for the construction of a 4-MHF, ((tm)" : t(s — 1) + a) is similar as above.
Denote Z} = Z,\{0}. Let X" = ((X\{00}) X Z; X Z) U ({00} x ((Zy x ZH\{(0, 0)})),G" =
{G;,j cx € X\ {oo},j€Z}U {G:X)J 1 j ezl U{Ggo’0 \ {(00,0,0)}}, F/ ={F/ : 0 <
i < n}, where Fj = {G;’j cx € S\{oo}, j € Zt}U{G/oo’j 1je ZZ}U{G:)O’O\{(OO,O, o
being the common hole of size #(s — 1) 4+ a and F] = {G;’j :x € Gi, j € Z;} U Fj for
1 <i < n.ltis easy to get a 4-MHF,((trm)" : t(s — 1) 4+ a) on X” with group set G” and
hole set 7' by taking the above similar steps as those for a 4-HF, ((rm)" : t(s — 1) +a). O
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3 Optimal ternary constant weight covering codes

In this section, we determine K3(n, 4, 3, 1),i.e.,C(n, 2, 4, 3). From Theorem 2.1, there exists
a GDD(3, 4, 2n) of type 2" if n = 1,2 (mod 3) and n # 5, which means C(n, 2,4, 3) =
L(n,2,4,3) for all such n. For n = 5, we give a lower and an upper bound for C (5, 2, 4, 3).

Lemma 3.1 L(5,2,4,3)+2<C(5,2,4,3) <24.

Proof It is easy to construct a GDC(3, 4, 10) of type 2° with 24 blocks. Let X = Zg and
G={{i,i +4):i=0,1,2,3}}. There exist a GDD(3, 4, 8) and a GDD(2, 3, 8) of type 2*
on X with group set G. Denote the block sets by B and 7 respectively, both of which have
cardinality 8. Let X’ = X U {001, 002} and G’ = G U {{001, 00p}}. For each i = 1, 2, let
Ci = {T U{oo;} : T € T}. Then it is easy to show that BU C; U C, is a GDC(3, 4, 10) of
type 25 on X’ with group set ¢’ having 24 blocks. Hence, C(5, 2, 4, 3) < 24.

For the lower bound, we only need to prove the nonexistence of a GDC(3, 4, 10) of type 27
with 21 blocks. Assume (X', G’, A) is a GDC(3, 4, 10) of type 2° with |.A| = 21 and excess
E. Then |E| = 4 and E contains 12 elements with at least three of them being distinct.
Suppose E contains five or more distinct points. Then, E contains at least 15 elements noting
the fact that: for each point appears in the excess, the number of triples in the excess contain-
ing this point is divisible by 3. Suppose E contains exactly three distinct points, say a, b, c.
Then, the repetition numbers for them to appear in E could only be 3, 3, 6. There is no way
to form four triples on {a, b, c}. Thus E must contain four distinct points, say «, b, ¢, d, each
of which is contained in three triples of E. So E should be composed of {a, b, ¢}, {a, b, d},
{a,c,d}, {b, c, d}. Furthermore, {a, b, c, d} ¢ A. Otherwise, we can delete {a, b, ¢, d} from
the block set to get a GDD(3, 4, 10) of type 2°. This contradicts to the nonexistence of
such a design. Hence, we conclude that {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d} are contained
in exactly eight blocks of \A. Since any two triples in {{a, b, ¢}, {a, b, d}, {a, ¢, d}, {b, ¢, d}}
intersect in two common points and {a, b, c}, {a, b, d}, {a, c, d}, {b, ¢, d} are the only four
triples in the excess, the fourth points in the eight blocks of A should be pairwise distinct.
Otherwise, it will produce more triples in the excess. Consequently, we will have at least 12
distinct points in X’. This contradicts to the fact | X’| = 10. O

When n = 0 (mod 3), L(,2,4,3) = n(n*> — 3n + 3)/3. We say a GDD(3, {4, 6}, 2n)
of type 2" is good if it contains exactly n /3 blocks of size 6.

Lemma 3.2 [f there exists a good GDD(3, {4, 6}, 2n) of type 2", then C(n,2,4, 3) =
L(n,2,4,3).

Proof The number of blocks of size 4 for a good GDD(3, {4, 6}, 2n) of type 2" is n(n> —
3n — 3)/3. For each block of size 6, replace it with an OGDC(3, 4, 6) of type 16, Since
C(6,1,4,3) = 6, the conclusion then follows. O

Note that a GDD(3, {4, 6}, 2n) of type 2" was constructed for all » = 0 (mod 3) in [26],
but not all of them are good.

Lemma 3.3 [26] There exists a good GDD(3, {4, 6}, 2n) of type 2"* forn = 6,9, 15.
Lemma 3.4 There exists a good GDD(3, {4, 6}, 2n) of type 2" for all n = 0 (mod 6).

Proof For each n = 6k with k > 1, take a CQS(6k : 0), which exists by Lemma 2.2. Give
each point weight two, and construct a GDD(3, 4, 8) of type 2* for each block to get a 4-
HF,(6* : 0). For each hole of the 4-HF, (6* : 0), fill a good GDD(3, {4, 6}, 12) of type 2° to
get a good GDD(3, {4, 6}, 12k) of type 2% as desired. O
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Lemma 3.5 There exists an IGDD((9 : 3), 2, {4, 6}, 3) with exactly two blocks of size 6.

Proof The IGDD((9 : 3), 2, {4, 6}, 3) is constructed on Z;3 with nine groups {i,i + 9},
i =0,1,...,8 and one hole {{i,i + 9} : i =6, 7, 8}. The two blocks of size 6 are {0, 1, 2,
3,4,5} and {9, 10, 11, 12, 13, 14}. The remaining 52 x 3 blocks of size 4 are obtained by
developing the following 52 blocks under the automorphism group ((0 1 2)(3 4 5)(6 7 8)
910 11)(12 13 14)(15 16 17)).

3,5,6,7} {5.6,11,17} {0,6,12,17} {0,5, 10,17} {1, 3,9, 13}
{0,3,13,16} {1,4,9,15}  {6,7,9,11}  {0,4,10, 12} {3,6, 13, 14}
{0, 11,14, 15} {2,6, 14,17} {0, 1,6, 7} (1,2, 13, 14} {0, 10, 14, 16}
{5.8,11,16} {2,12,13,16} {3,5,9,11}  {3,7,11,13} {0, 1,8, 14}
{1,2,15,16} {0,4,15,16) {0,2,10,15} {2,7,9,12} {6,8, 12,14}
2,4,8,15} {6,8,9,13}  {0,5,13,15} {5,9,13, 16} {3,4, 14, 15}
4,9, 11,17} {5,7,11,15} {1,4,7,11}  {1,4,8,12} {6, 11,12, 16}
{6,10,13,16} {0,4,7,17}  {1,8,9,11}  {4,6,9,12} {9, 11, 15, 16}
(3,4,16, 17} {11,13,16, 17} {12, 13,15, 17} {2,7, 14, 15} {6, 9, 14, 16}
{0,3,8,15} {2,4,6,7}  {0,4,6,14}  {0,4,8, 11} {0,6, 11,13}
{3,4,6,11}  {3,10,13, 15}.

Lemma 3.6 There exists a 4-HF»(3° : 0).

Proof The design is constructed on Z3g with groups G; = {i,i + 15},i =0,1,..., 14 and
five holes F; = {G;, Gj+5,Git10},i = 0,1,...,4. The following blocks are developed
under the automorphism group Z3p.

{0,6,13,27} {0,8, 11,29} {0,3, 12,17} {0,4,10,23} {0,1,4,7}
{0, 19, 24,28} {0,2,7,16} {0, 1,20,26} {0,7,14,26} {0, 18,2326}
{0,4,26,29} {0,6,7,12} {0,13,17,29} {0, 11, 12, 19} {0, 16, 18, 22}
{0,3,20,23} {0,1,3,28} {0,5,7,13} {0,5,17,26} {0,2,4,13}
{0, 13, 19,22} {0,9, 10, 19} {0, 5,6,22} {0, 10, 14,24} {0, 5, 16, 19}
{0,1,11,13} {0,2,9,22} {0,2,10,18} {0,2,12,24} {0,21,28,29}.

m}

The following result is based on the construction of a CQS((6n)3 : 2s) by Hartman in
[11, Sect. 4], where the major ingredients in the construction are a class of auxiliary designs
called A-pairings.

Theorem 3.1 There exists a 4-HF((3n)3 : s) forall3n > s > 0.

Proof For all 3n > s > 0 and (n,s) # (1,1), Hartman in [11, Sect. 4] constructed a
CQS((6n)3 :2s)on X ={a; :a € Zey, i € Z3} U {001, 003, ..., 002} with three groups
{{a; : a € Zg,} : i € Z3} and stem {001, 002, ..., 002s}. Let the block set be 13, in which
there is a set of blocks
k k
¢ = ({ai, bi, civ1.di)  {a. b} € FO {e,dy e FY),
l1<k<6n-1-—2r—2h,i € Z3},

where Fl.(l) IFi(z)l . |Fl.(6"_1_2r_2h) is a one-factorization of the graph on Zg, x {i} defined
by the A-pairing A (n, 2s). By the detailed construction of A(n, 2s) in [11, Sect. 5], we know
that6n — 1 — 2r —2h > 1.
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Constant weight covering codes and group divisible 3-designs 149

The desired 4-HF»((3n)3 : s) will be on X with the group set G = {{a;, b;} : {a, b} €
F.i € Z3) U {{oor, 0045} 1 1 < i < s}, three holes Fi1 = {{ai, bi} : {a,b} €

Fim} U Fo, i € Z3 intersecting on a common hole Fo = {{o0;, 0045} : 1 <i < s}.
Let

¢1 = ai, bi, ciy1, dis1) - fa, b}y € FV {e, d} € F\)

1+l’i € Z3}.

Note that ¢; C ¢ and each block in ¢ intersects two groups in G which are from two distinct
holes. It is readily checked that B \ ¢ is the block set of the desired 4-HF»((3n)3 : s).

For (n,s) = (1, 1), a 4-HF»(3> : 1) can be obtained by applying Lemma 2.4 with a
CQS(3% : 1) in [9] and a GDD(3, 4, 8) of type 2*. O

Lemma 3.7 There exists a good GDD(3, {4, 6}, 2n) of type 2" for all n = 3 (mod 6) and
n>09.

Proof Forn =9, 15, the designs come from Lemma 3.3. For each n = 6m + 3 withm > 3,
there exists a {4, 6}-CS(2" : 2) by Lemma 2.3. Apply Lemma 2.4 with g = 2, = 3 and
a = 0 to get a 4-HF, (6™ : 3). Here the input 4-HF,(3*~! : 0)s and GDD(3, 4, 6k)s of type
6k with k € {4, 6} exist by Theorems 2.1, 3.1 and Lemma 3.6. For the first m — 1 holes of
the 4-HF, (6™ : 3), fill the IGDD((9 : 3), 2, {4, 6}, 3) constructed in Lemma 3.5. Fill the last
hole with a good GDD(3, {4, 6}, 18) of type 29. The result is a good GDD(3, {4, 6}, 2n) of
type 2". O

Combining Lemmas 3.1, 3.2, 3.4 and 3.7, we have

Theorem 3.2 C(n,2,4,3) = L(n,2,4,3) foralln >4 andn # 5.

4 Optimal quaternary constant weight covering codes

In this section, we determine K4(n, 4, 3, 1),i.e.,C(n, 3, 4, 3). From Theorem 2.1, there exists
a GDD(3, 4, 3n) of type 3" if n = 0 (mod 2), i.e., C(n, 3,4, 3) = L(n, 3, 4, 3) for all such
n. Whenn =1 (mod 2), L(n, 3,4,3) =3n(n —1)(3n —5)/8. A GDC(3, 4, 3n) of type 3"
is called good if the excess forms a GDD(2, 3, 3n) of type 3".

Lemma 4.1 If there exists a good GDC(3, 4, 3n) of type 3", then C(n,3,4,3) = L(n, 3,
4,3).

Proof Ttis easy to check that the number of blocks in a good GDC(3, 4, 3n) of type 3" equals
L(n,3,4,3). o

Lemma 4.2 There exists a good GDC(3, 4, 3n) of type 3" for eachn € {5,7,9, 11}.

Proof For each givenn € {5,7,9, 11}, a good GDC(3, 4, 3n) of type 3" is constructed on
Z3, with groups {i,i +n,i +2n},i =0, 1,...,n — 1. The following blocks are developed
under the automorphism group Z3,,.
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n=>5:
{0,1,2,4} {0, 1,4,13} {0,1,7,9} {0, 1, 8, 12} {0, 2, 8, 11};
n="7:

{0, 11, 15,17} {0, 12, 18,20} {0, 8,9, 11} {0,1,6,11} {0, 16, 17,20}
{0,2,8,18} {0,3,5,8} {0,9, 12, 15} {0, 8, 19, 20} {0, 4, 8, 16}
{0,1,12,16} {0,2,4,13};

n=9:

{0, 5,21, 25} {0,6,13,17} {0, 10, 11,22} {0,4,7,17} {0, 21, 23, 26}
{0, 2,12, 13} {0, 3, 15, 19} {0, 12, 22, 25} {0, 13, 24, 26} {0, 12, 19, 20}
{0,5,19,24} {0, 1, 3,11} {0,4,12,23} {0,5,7,20} {0, 3,25, 26}
{0, 5,22,26} {0,5,11,12} {0,6,8,14} {0,3,6,10} {0, 6, 13, 16}
{0,1,7,13} {0,2,4,19};

n=11I:

{0, 1,10, 14} {0,17, 18,21} {0, 21, 23, 29} {0, 25, 29, 32} {0, 9, 19, 25}
{0,9, 14,26} {0,1,13,17} {0,8,16,23} {0,2,6,19} {0,17,20, 30}
{0, 1, 15,16} {0, 21,28,31}{0,2,5,14} {0,4,6,9} {0, 3, 8, 24}
{0,8,10,29} {0,13,21,26} {0,7,9,24} {0,5,6,8} {0, 4,12, 13}
{0, 14, 17,23} {0,2, 10,28} {0,1,5,31} {0,13,15,28}{0,2,16,31}
{0,9, 15,21} {0,8,18,28} {0,6,13,25} {0,15,27,30} {0, 1,8, 32}
{0, 23, 28, 32} {0, 7, 14, 30} {0, 20, 26,27} {0, 1, 6,20} {0, 4, 10, 19}.

[m}

To introduce the recursive construction, we need to define the concept of incomplete good
group divisible coverings. Let X be the point set of size 3n, where G is the equipartition of X
into n groups of size 3. Suppose H C G is a hole of size m, which is a collection of m groups.
B is a family of transverse quadruples (blocks) such that, no block contains transverse triples
in the hole, each transverse triple not in the hole occurs at least once in the blocks, and the
excess forms a GDD(2, 3, 3n) of type 3"~ (3m) I Then (X, G, H, B) is called an incomplete
good GDC(3, 4, 3n) of type (3" : 3™).

Lemma 4.3 Suppose that there exists a 4-MHF3(m" : s). If there exists an incomplete good
GDC(3,4,3(m+s)) of type (3™ : 3%), then there exist incomplete good GDC(3, 4, 3(mn+
$))s of types (3™FTS 35 and (3" . 3MFS). Furthermore, if there exists a good

GDC(3,4,3(m + s)) of type 35, then there exists a good GDC(3, 4, 3(mn + s)) of type
3mn+s.

Proof Let (X, G, B, F) be the given 4-MHF3(m" : s), where G| = {«, B} is the special
group of size 2 belonging to the common hole Fy. Let G| = G| U {oco}, where 0o ¢ X. Let
X' = XU{oo}, ¢ = GU{GI\(G1}, F = {FU{G}\{G1}: F € F}.Let T, = {B\{a}:
a € B € B}. Then T, forms a GDD(2, 3, 3mn) of type (3m)" on X \ (Uger,G) with group
set {Uge(F\Fp)G : F € F, F # Fo}. Let Boo = {T U{oc} : T € Ty} and B = B U By
For each hole F' € F' of size m + s, construct an incomplete good GDC(3, 4, 3(m + s))
of type (3" : 3*) with a hole Fj = Fy U {G}} \ {G1}. Denote the block set by A,
the excess of which forms a GDD(2, 3, 3(m + s)) of type 3™ (3s)! with the long group
UGer; G- Let C = BU (UFzgf/‘F%FéAF/). It is easy to check that the excess of C forms a
GDD(2, 3, 3(mn + s)) of type 3" (3s)! with the long group Uger;G. Hence C is the block
set of an incomplete good GDC(3, 4, 3(mn + s)) of type (3™ : 3%) on X’ with group set
G’ and a hole FO’. If we leave the last hole as it is, or fill it with a good GDC(3, 4, 3(m + s))

@ Springer



Constant weight covering codes and group divisible 3-designs 151

of type 3”19, then we get an incomplete good GDC (3, 4, 3(mn + 5)) of type (3™ +5 : 3m+s)
or a good GDC(3, 4, 3(mn + s)) of type 3"+, ]

Lemma 4.4 There exists an incomplete good GDC(3, 4, 21) of type (37 : 33).

Proof The design is constructed on Z; with seven groups {i,i +7,i +14},i =0,1,...,6
and one hole {{i,i + 7,i + 14} : i = 4,5, 6}. The following blocks are developed by the
automorphism group

((0714)(1238910151617)(4 5611 12 13 18 19 20)).
{1,7,13,18} {11,1,7,12} {18,8,9,12} {0,810, 13} {0,4,6, 16}
{0,10, 11, 16} {16,4, 8, 14} {6, 14, 17,19} {2,5,15,18} {9,0,6, 8}
{2,3,5,20} {0,3,8,11} {1,10,12,16} {6,7,8,19} {1,5,13,17}
(6,8, 11,14} {6,7,12, 16} {10, 13, 16, 18} {3, 13, 15, 19} {8, 10, 19, 20}
{7,11,13,16} {2,6,7,17} {6,2,10,11} {0,2,6,19} {1,2, 12,17}
{1,6,9,19}  {0,2,3,15).

Lemma 4.5 There exists an incomplete good GDC(3, 4, 27) of type (3° : 33).

Proof The design is constructed on Z»7 with groups {i,i + 9,i + 18},i =0,1,...,8
and one hole {{i,i + 9,i + 18} : i = 6,7, 8}. The following blocks are developed by the
automorphism group

(01291011 181920)(345 12 13 14 21 22 23)(6 7 8)(15 16 17)(24 25 26)).
(5,7,18,19}  {10,4, 11,26} {5,9,12,24} {6, 11,19,25) {4,11,23,25)
2,5,8,15)  {0,11,25,26} {10,11,12,23} {8, 11,22,24} {0,8, 13, 16}
(1,8,15,18) {7,13,21,23} {8,14,18,25} {4,7,8,19}  {0,5,13, 15}
(22,9,20,21} {7,19,21,24} {10, 18,20, 22} {22, 14, 16, 18} {5, 15, 18, 20}
(3,9,13,26}) {5,7,13,26) {4,7,20,21} {2,3,16,22} {7,11, 14,18}
{9,16,17,19} {0,5,7,24)  {8,0,2,7} (11,12, 17, 24} {10, 18, 23, 26}
(3,9,20,24} {1,2,13,16} {10, 11, 14,25} {2, 13,18, 19} {2,7, 14, 19}
(14,1,22,24) {3,4,6,10}  {13,14,15,17} {2,3,6,23}  {1,17,23,24}
(5,16,18,24} {4,17,18,24} {3,6,17,20} {0,3,4,11}  {11,21,22,23}
(11,14, 19,22} {1, 12, 17,22} {25,0,17,20} {0,2,22,24} {8,3,6, 13}
(10,22,25,26} {3,7,17,23}  {4,5,24,25} {2.4,14,16} {5,15,21,26}
0,3,7,10}  {5,8,11,19) {0,4,8,20} {8, 11,16,21} {22,2,5,12}
{4,1,14,26} {13, 16, 19,21} {0,2, 16,23} {0,3,15,17} {0, 15, 19, 20}.

Lemma 4.6 There exists a 4-MHF3(23 : 1).

Proof The design is constructed on Zyg with groups G; = {i, i +6,i+12},i =0,1,...,5,
and three holes {G;, Gi+3}U S, i = 0, 1, 2 intersecting on the common hole § = {{18, 19}}.
The desired blocks are obtained by developing the following base blocks under the
automorphism group
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((0612)(1713)(28 14)(3 9 15)(4 10 16)(5 11 17)(18)(19)).

(3,5,6,8  {0,10,11,18} {2,10,13,17} {0,2,9,10} {4,8, 12,13}
{0,8,16, 18} {0,3,4,7) {2,3,10,19} {0, 14, 16, 19} {9, 10, 11, 19}
{6,9,11,16}) {0,7,9,11}  {1,9,17,18} {4,9,17,19} {6, 11,13, 19}
{0,7,15,16} {0,1,4,15}  {5,8,10,13} {0,5,13,16} {1,5,9,19}
{0,2,4,5)  {2,9,16,18) {7,10, 14,15} {1,11,15,18} {4,5,6,9}
(5,10, 12,14} {0,4, 11,13}  {6,7,17,19}  {0,4,17,18} {1,2,4,12}
{1,2,5,10} {4,7,9,12}  {1,8,10,15} {2,3,5.7}  {2,5,9,12}
(3,8,12,16} {12,13,14,15} {5,9, 14,16} {1,8, 11,12} {2,5, 15, 16}
{0,10,17,19} {3,7,8,19}  {0,9,13,17} {0,1,8,17} {2,7,9,19}
{5,8,12,15) {0,4,8,19)  {10,11,13,14} {1,2,9,11} ({11, 13,15, 16}
{2,3,12,17} {0,3,8,13}  {4,5,13,15} {1,4,5,14} {10, 15,17, 18}
{3,10,12, 13} {2,3,6, 11} {12,13,17, 18} {0,2, 13,19} {0,2,7, 18}
(0,13, 14,18} {1,3,8,18}  {2,3,4, 18}.

Lemma 4.7 There exists a 4-MHF3(2° : 1).

Proof The design is constructed on Z3, with groups G; = {i,i +10,i+20},i =0,1,...,9
and five holes {G;, Giys} U S, i = 0, 1,2, 3,4 intersecting on the common hole § =
{{30, 31}}. The desired blocks are obtained by developing the following base blocks under
the automorphism group

(0123456 ---21222324 252627 28 29)(30 31)).

(12, 17,26, 28} {15, 24,27, 31} {10, 18,22, 24} {2,6,17,19} {6, 12, 19, 31}
(7,19,22,25) {1,9,23,27} {2,7,19,24} {6,7,23,24} {3,6,7,22}
{0,4,18,31} {2,3,5,10}  {18,25,26,29} {2, 11, 18,20} {6, 14,23, 31}
{1,18,22,27} {2,3,4,31}  {3,18,24,25} {6,11, 14,27} {13, 15,19,22}
(19,22, 24,26} {4,23,25,28} {12, 15,26,30} {18, 19,23, 24} {2, 6, 13, 30}
(7,12,19,26} {11,13,19,31} {2,13, 19,21} {12, 14, 15,29} {7, 8, 26, 29}
{0,1,7,12}  {0,6,14,21} {2,9,15,21}.

]
Lemma 4.8 There exists a good GDC(3, 4, 3n) of type 3" foralln = 3 (mod 4) andn > 1.

Proof Forn =7, 11, the required designs come from Lemma4.2. Foreachn = 4m+3,m >
3, take a {4, 6}-CS(2" : 2) in Lemma 2.3. Applying Lemma 2.4 with a 4-MHF3(2¥~1 : 1)
and a GDD(3, 4, 6k) of type 65, k € {4, 6}, we get a 4-MHF3(4" : 3). Then apply Lemma 4.3
with m — 1 incomplete good GDC(3, 4, 21)s of type (37 : 3%) and a good GDC(3, 4, 21) of
type 37 to complete the proof. Here the ingredient designs come from Lemmas 4.4, 4.6 and
4.7. O

The following result on a 4-MHF3 ((2n)3 : §) is again based on the construction of
CQS((6n)3 : 2s) by Hartman in [11, Sect. 4]. First we introduce some useful notations. For
x € Z,, we define |[x| by x if 0 < x < n/2andn — x if n/2 < x < n. For any edge
set E of a graph on Z,, we use LE to denote the set of edge lengths of edges in E, i.e.,
LE = {|lx —y|: {x,y} € E}. Forn > 2and L C {1,2,...,|n/2]}, let G(n, L) be the
regular graph with vertex set Z,, and edge set E such that {x, y} € Eifandonlyif |x—y| € L.

Theorem 4.1 For each pair of positive integer n and odd integer s such that 6n > 3s — 1,
there exists a 4&-MHF3((2n)> : s).
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Proof For (n, s) = (1, 1), the design exists by Lemma 4.6. For each pair of positive integer

n and odd integer s such that 6n > 3s — 1 and (n, s) # (1, 1), we construct the auxiliary

designs (D, H, Ry, R1, R2)(n,5) on Zg,, which are similar to but different from A-pairings

in [11]. Here the edge length 2n is not allowed to occur in any edge.

1. Whenn = 2ands = 1,1let D = {4,10}, H = {{1,—1},{2,7}}, Ry = {{3,6}},
Ry = {{5, 8}} and Ry = {{0, 9}}.

2. Whenn >3ands = 1,let D ={2n,4n — 1}, H = {{1, —1}, {2, —=2}}, Rp = {{0, 2n —
1MU{k,2n—k+1} :k=3,4,...,n}, R ={{2n+k,4n—k—1}: k=1,2,...,n—1}
and Ry ={{4n+k,6n —3 -k} :k=0,1,...,n—2}.

3. Whenodds > 3 and 6n > 3s — 1, the (D, H, Ro, R1, R2)(n.5) is constructed recur-
sively from the (D', H', R}, R}, R})(n,s—2). Let r; be any member of Rl/.. Then D =
D'UUiZ3r), H=H'and R; = R/ \ {ri},i =0, 1,2.

For each pair of (n,s) above, it is easy to check that the complement of the graph

G(6n, LH U LR; U {2n}) has a one-factorization F"|F?| . |F*"7% for each i =

0,1, 2. Now the desired 4-MHF;3 ((2n)3 : s)is constructed on X = {a; : a € Zg,i €

Z3} U {001, 002, ..., 00351} with groups G; ; = {ji, (j + 2n);, (j +4n);},i = 0,1,2,

Jj =0,...,2n — 1 and groups Geo,j = {00}, 045,425}, j = 1,2,...,5 — 1 and

Goo,s = {00y, 0025} And there are three holes F; = {G;; : j = 0,...,2n — 1} U §,

i =0, 1,2 intersecting on the common hole § = {G,; : j = 1,2,...,s}. Let the block

set be B, which consists of the following five sets of blocks.

8 = {{ooj, (@ +d)o, (b —d)1,(c+d)}: a+b+c=0 (mod 6n),
d is the jth member of D, 1 < j <3s — 1},

p={a+qi, (a+1)i biti,cit2} :a+b+c=0(mod 6n),
{g.1} € Ri,i € Z3},

¢ = {{ai. bi.cip1.din} . b} € FY (e, d} e FY).
1<k<4n+s—6,i € Z3},

x1 = {{ait1, (@ +3€)i+2, (x —2a — 3€);, (y — 2a — 3¢);} :
a € Zey,i € Z3, € € Zy,, {x,y} € H} and

x2 = {{ai, (a+|x — yDi, (@ +3€)iy1, (@+3€ + |x — yDit1}:
a€Zep,i € Z3,€ € Zy,{x,y} € H}.

The rest of the proof is similar to that in [11]. We omit the details here. ]
Lemma 4.9 There exists a good GDC(3, 4, 3n) of type 3" for alln = 5 (mod 8).

Proof For n = 5, the required design comes from Lemma 4.2. For each given n =
5,13 (mod 24) and n > 13, take a CQS(1""~D/4 . 1) obtained from an SQS((n + 3)/4).
Applying Lemma 2.4 with a 4-MHF3(4> : 1) and a GDD(3, 4, 48) of type 12*, we get a
4-MHF;(4"=D/4 : 1). Then apply Lemma 4.3 with a good GDC (3, 4, 15) of type 3° to get the
desired design. Here the input ingredient design 4-MHF3 (43 : 1) comes from Theorem 4.1.

For n = 21, take a 4-MHF3(6° : 3) in Theorem 4.1. Apply Lemma 4.3 with an incom-
plete good GDC(3, 4, 27) of type (3% : 33) from Lemma 4.5 and a good GDC(3, 4, 27) of
type 3° from Lemma 4.2 to get a good GDC(3, 4, 63) of type 3! and an incomplete good
GDC(3, 4, 63) of type (32! : 39).

For n = 45, take a 4-MHF3(123 : 9) in Theorem 4.1. Apply Lemma 4.3 with a good
GDC(3, 4, 63) of type 32! and an incomplete good GDC(3, 4, 63) of type (32! : 3%) to get a
good GDC(3, 4, 135) of type 3*° and an incomplete good GDC(3, 4, 135) of type (3% : 321).
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For n = 69, take a 4-MHF3(83 : 1) from Theorem 4.1. Apply Lemma 4.3 with a good
GDC(3, 4, 27) of type 3° and an incomplete good GDC(3, 4, 27) of type (3° : 3%) to get an
incomplete good GDC(3, 4, 75) of type (3%° : 33) and a good GDC(3, 4, 75) of type 3%.
Then take a 4-MHF3(223 : 3) by Theorem 4.1 and apply Lemma 4.3 with an incomplete
good GDC(3, 4, 75) of type (3% : 3%) and a good GDC(3, 4, 75) of type 3% to get a good
GDC(3, 4, 207) of type 3°.

For each n = 24k + 21 and k > 3, we first claim that there exists a CQS(6k : 6). In fact,
assume (X, G, B) isa GDD(3, 4, 6(k + 1)) of type 651! withG = {G; :i =1,2,..., k+1}.
Foreachi =1, 2, ..., k, there exists a one-factorization Fl.(l) | Fi(z) [« IFl.(S) on the complete
graph with vertex set G;. For each pair {i, j} C {1,2,...,k}, let A;; = {{a,b,c,d} :
{a, by e F {c,d) € F}”,z =1,2,...,5). Then BU (U jjcq1.2.... k)Aij) is the block set
of a CQS(6* : 6) on X with groups G \ {Gi+1} and stem Gy . Now take this CQS(6* : 6),
apply Lemma 2.4 with a 4-MHF3(43 : 1) and a GDD(3, 4, 48) of type 12*. The result is a
4-MHF3(24% : 21). Then apply Lemma 4.3 with a good GDC(3, 4, 135) of type 3* and an
incomplete good GDC(3, 4, 135) of type (3% : 321) to get the desired design. O

Theorem 4.2 For each pair of positive integer n and odd integer s such that 6n > 3s — 1,
there exists a 4-MHF3((2n)* : s).

Proof For each n and odd s with 6n > 3s — 1, Granville and Hartman in [7] constructed a
CQS((6n)* :3s —1onX = {a; : a € Zgy,i € Z4} U {001,002, ..., 003,1} with four
groups {{a; : a € Z¢,} : i € Z4} and stem {oo, 002, ..., 00351} by defining a Hanani
factorization, which is a four-tuple (D, E, G, H) such that D C {1,3,5,...,6n — 1} and
E c{0,2,4,...,6n—2},|D| = |E| = (B3s —1)/2,G = {Go, Gy, ...,G3,—1}1is aset of
partial one-factors of the complete graph on vertex set Zg, with |G;| = 3n — (3s — 1)/2
covering Ze, \ (DU E) +2i) fori € {0, 1,...,3n — 1}, and H is a set of one-factors such
that G U H is a partition of the edge set of the complete graph on vertex set Zg,. Now we
modify the construction to get a 4-MHF3((2n)* : 5). Define I to be the graph which covers
all the edges in G. By the direct construction of Hanani factorization [7, Theorem 6.1], I is
cyclic and contains no edge of length 2n. Let Y be the complete multipartite graph with 2n
parts {i,i +2n,i+4n},i =0, 1,...,2n — 1. Itis not difficult to verify that the complement
of T in Y has a one-factorization, which is denoted by H'. Replace H by H’ in the whole
construction of the CQS((6n)4 : 3s — 1). Additionally, replace the one-factorization of the
complete graph on Zg,, Jo|J1| ... |Jen—2, in the final set of blocks

{{hhﬁiaajvaj} : {15.1} € {{07 1}7{273}}5 {h’ﬁh{asa} € JksO < k < 6n _2}

with a one-factorization of Y.

Let G;; = {ji, (j +2n);, (j +4n);} fori =0,1,2,3,j =0,...,2n — 1, Go,j =
{00, 00 45,0045} for j = 1,2,...,5 — 1 and Goo s = {00, 002s}. Then, the blocks
constructed above will form the block set of a 4-MHF3((2n)* : s) on X with groups {G; ; :
i=0,1,2,3,j=0,...,2n = 1} U{Gw,j : j = 1,2,..., s} and four holes F; = {G; ; :
j=0,....2n =1} US,i =0, 1, 2, 3 intersecting on the common hole § = {G,; : j =
1,2,...,s} O

Lemma 4.10 There exists a good GDC(3, 4, 3n) of type 3" for all n = 1 (mod 8) and
n>09.

Proof Foreachn = 8k + 1 and k > 1, the proof proceeds by induction. For k = 1, a good
GDC(3, 4, 27) of type 3% exists by Lemma 4.2. When k > 1, suppose that there exists a
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good GDC(3, 4, 3(8i + 1)) of type 3%*! for each i < k. By Lemmas 4.8 and 4.9, we have
that a good GDC(3, 4, 3j) of type 3/ exists for all odd j < 8k + 1. Applying Lemma 4.3
to a 4-MHF3((2k)* : 1) with a good GDC(3, 4, 3(2k + 1)) of type 3%**!, we get a good
GDC(3, 4, 3(8k + 1)) of type 3%+1. This completes the proof. O

Combining Lemmas 4.8, 4.9 and 4.10, we have

Theorem 4.3 C(n,3,4,3) = L(n, 3,4, 3) foralln > 4.

5 Optimal constant weight covering codes over Zymn ;1

In this section we focus our attention on the determination of K, (n, 4, 3, 1) for n > 4 and
g = 2" + 1 with m > 2. We will give a general result for optimal group divisible coverings
with group size 2™ forallm > 2,i.e., optimal (1, 4, 3, 1) constant weight covering codes over
Zom 1. From Theorem 2.1, there exists a GDD(3, 4, gn) of type g" for g = 2,4 (mod 6),
g # 10,26 (mod 48) and n = 1,2 (mod 3), which means C(n, g,4,3) = L(n, g,4,3)
for all such pairs of g and n. Now we consider the case for g = 2,4 (mod 6) and n = 0
(mod 3).Itis easy to calculate that L(n, g, 4, 3) = g3n(n —1)(n—2)/24+ gn/6. So if there
exists a GDD(3, {4, 6}, gn) of type g" with exactly % blocks of size 6, then we can get a
GDC(3, 4, gn) of type g" with L(n, g, 4, 3) blocks by replacing the blocks of size 6 with an
OGDC(3, 4, 6) of type 1°.

Similar to the definition in Sect. 3, we call a GDD(3, {4, 6}, gn) of type g" is good if it
contains exactly % blocks of size 6.

Lemma 5.1 If there exists a good GDD(3, {4, 6}, gn) of type g", then there exists a good
GDD(3, {4, 6}, 2gn) of type (2g)".

Proof Suppose that (X, G, B) is the given good GDD(3, {4, 6}, gn) of type g" with exactly
gn/6 blocks of size 6. Let X' = X x Zrand G’ = {G x Z, : G € G}. Foreach B € B
of size 4, construct a GDD(3, 4, 8) of type 24 on B x Z, with groups {x} x Z,, x € B.
Denote the block set by Ap. For each B € B of size 6, construct a good GDD(3, 4, 12) of
type 2° on B x Z, with groups {x} x Z,, x € B. Denote the block set by Cg. Then it is easy
to check that (X', G/, (U363’|B|:4A3) @] (UBEB,|B|=6CB)) is a GDD(3, {4, 6}, 2gn) of type
(2g)™ with gn/3 blocks of size 6. Hence the resultant design is a good GDD(3, {4, 6}, 2gn)
of type (2g)". O

For all integers m > 2, it is clear that 2" = 2,4 (mod 6) and 2™ # 10,26 (mod 48).
Combining Theorem 2.1, Lemma 5.1 together with Lemmas 3.4 and 3.7, we have the fol-
lowing result.

Theorem 5.1 C(n,2",4,3) = L(n,2™,4,3) forallm > 2 and n > 4.

6 Nonuniform group divisible 3-designs with block size four

In this section, we will employ the construction methods using H-frames to establish several
new existence results for GDD(3, 4, 2n + u)s of type 21yl foru = 4,6,8. Asa consequence
of the necessary conditions for GDD(3, 4, gn + u) of type g"u' stated in [18, Theorem 3.1],
we have the following lemma.
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Lemma 6.1 Ifthere existsa GDD(3, 4, 2n+u) of type 2"yl withu = 4, thenn = 1 (mod 3)
andn > 4; withu = 6, thenn =1 (mod 3) andn > 7; withu = 8, thenn = 0, 1 (mod 3)
and n > 6.

The following recursive construction for nonuniform group divisible 3-designs was first
given in [19].

Lemma 6.2 [19] Let mn be even. If there exists a GDD(3,4, mnr +s+1t) of type
(mn) (s +1)' and a GDD(3,4, mn +s +1) of type m"s't!, then there exists a GDD(3, 4,
mnr +s +1) of type m™ st 1.

The following construction is a modification of the filling holes construction for Steiner
quadruple systems using candelabra quadruple systems.

Lemma 6.3 Suppose that there exists a4-HF ,(m" : s). If there exists a GDD(3, 4, g(m+s5))
of type "¢ (gs — ge)! with € = 0 or 1, then there exists a GDD(3, 4, g(mn + s)) of type
g (gs — ge)l.

Proof Let (X, G, B, F) be the given 4-HF,(m" : 5). Let Fy = {Goo,1, G025 ---» Gooys)
be the common hole. When € = 0, for each hole F = {G{,G»3,...,G,} U Fy of
size m + s, construct a GDD(3, 4, g(m +s)) of type g" (gs)! on UgerG with group set
{G1,G2,...,Gp} U {UgeR,G} and block set Ar. Then B U (Urer\F)AF) is the block
set of a GDD(3, 4, g(mn +s)) of type g""(gs)! with group set (G € F\ Fy : F €
F} U {Uger,G}. When € = 1, for each hole FF = {G,G2,..., Gy} U Fy of size
m + s, construct a GDD(3, 4, g(m + s)) of type g" I(gs — g)! on UgerG with group set
{G1,G2,...,Gp, Go,1} U {(UGGFUG) \ Goo,1} and block set Cr. Then BU (UFE]:\FOCF)
is the block set of a GDD(3, 4, g(mn+s)) of type g™ Tl(gs — g)! with group set
{GeF\Fy: FeF}U{Gux1} U{(UGeF,G) \ Goo,1}- m}

6.1 u=4

Lemma 6.4 [19] There exists a GDD(3, 4, 2n + 4) of type 2"4! forn = 4,7.

Theorem 6.1 There exists a GDD(3, 4, 2n + 4) of type 2"4 if and only if n = 1 (mod 3)
and n > 4.

Proof Foreach givenn = 3k+1andn > 10, there exists a GDD(3, 4, 6(k+ 1)) of type 6htl
by Theorem 2.1. Applying Lemma 6.2 withm = 2,n = 3,5 = 2,1 = 4andaGDD(3, 4, 12)

of type 244!, we get a GDD(3, 4, 2n + 4) of type 2"4!. For n = 4,7, the desired designs
exist by Lemma 6.4. O

62u==~6

Lemma 6.5 There exists a 4-HF»(3° : 1).

Proof The desired design is obtained by applying Lemma 2.4 with a CQS(3> : 1) in [1] and
a GDD(3, 4, 8) of type 2*. O

Lemma 6.6 There exists a GDD(3, 4, 20) of type 276.
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Proof We construct the design on Zyg with group set G = {{i,i +7} : 0 < i < 6} U
{{14, 15, 16, 17, 18, 19}}. We list the base blocks below which are developed under the auto-
morphism group

G = ((012)(345)(6)(789)(10 11 12)(13)(14 15 16)(17 18 19)).
{0,4,13,18} {1,2,7,15} {2,3,4,15)  {3,9,13,18} {1,9,13,17}
(5,6,11,14} {0,3,8,18) {4,7,10,15} {1,4,12,14} {0,1,4,17}
{0,2,5,14}  {0,6,9,15} {3,4,7,17}  {3,11,12,18} {1,7,9, 18}
(2,10, 12, 14} {0,4,6,19}  {7,10,13,17} {0,5,6,18} {0,3,5, 17}
(1,4,5,7)  {4,5,9,17) {4,6,7,18}  {8,9,12,16} {2,812, 15}
(1,4,10,13} {7,11,13,16} {4,6,8,12}  {0,9,12,18} {0, 1,12, 19}
(1,10,12,15} {3,7,8,14}  {1,2,11,19}  {3,5,13,16} {0,1,5,11}
{0,1,13,16} {0,3,6,14) {8,10,11,14} {2,4,7,14) {7,8,12,18)
(3,7,12,19) {3,7,9,15) {3,8,12,17} {0,6,8,11} {2,810, 18}
(1,9,10,11} {5,7,8,10} {0,4,8,14}  ({1,11,13,15}{5,6,7, 15}
(3,5, 11,15} {5,7,13,14}) {1,3,11,17} {6,7,8,17} ({1,12,13,18}
[6,7,12,14} {1,3,7,13} {2,6,11,15)  {3,11,13,19} {7, 12,13, 15}
(7,10, 11,18} {0, 6, 10,17} {6,10,11,19} {1,5, 10,16} {0, 1,2,6}
(3,4,5,6)  {7,8,9,13} {10, 11,12, 13}.

Lemma 6.7 There exists a GDD(3, 4, 32) of type 21361

Proof We construct the design on Z¢ U {00y, ..., 005} with group set G = {{i,i + 13} :
0 <i <12} U {{ooo, ..., 00s5}}. We list the base blocks below which are developed under
the cyclic group Zog:

{0, 15, 19, 00p} {0, 8,20, 000} {0,9,25, 000} {0, 3,24, 0op}
{0,6,11, 001} {0, 10,24, 001} {0, 17, 18, 001} {0, 4, 23, 001}
{0,12, 15, 002} {0, 1, 18, 000} {0, 6,22, 002} {0, 19,24, 002}
{0, 20, 25, 003} {0, 4, 14, 003} {0,2,9,003} {0, 15,23, 003}
{0, 20,22, 004} {0,9, 12, 004} {0, 1,8, 004} {0,5, 16, 004}
{0, 1,15, 005} {0,17,21, 0os} {0, 18, 20, 00s} {0, 3, 19, 0os}
{0,10, 14,18} {0,5,9,10}  {0,2,7,14}  {0,2, 16, 19}
{0,19,23,25} {0,22,23,24} {0,3,9,21}  {0,6, 15,20}
{0,11,22,25} {0,9,11,19} {0,4,19,20} {0,3,5,23}
{0,4,18,25) {0,8,17,23} {0,8,10,19} {0, 1,6, 16}.

m}

Theorem 6.2 There exists a GDD(3, 4, 2n + 6) of type 2"6" for all n = 1 (mod 6) and
n>"17.

Proof For n = 7, 13, the required designs exist by Lemmas 6.6 and 6.7. For each given
n = 1 (mod 6) and n > 19, there exists a {4, 6}-CSQ2"~D/6 . 2). Apply Lemma 2.4
with a 4-HF,(3*~! : 1) and a GDD(3, 4, 6k) of type 6¥ with k € {4, 6} to obtain a 4-
HF,(6"~1/6 : 4). Applying Lemma 6.3 with a GDD(3, 4, 22) of type 276! in Lemma 6.6,
we get a GDD(3, 4, 2n + 6) of type 2"6!. Here, the small ingredients are from Theorem 3.1
and Lemma 6.5. O
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63u=38

Lemma 6.8 [19] There exists a GDD(3, 4, 2n + 8) of type 28! forn = 6,7.
Lemma 6.9 There exists a GDD(3, 4, 34) of type 21381,

Proof We construct the design on Z34 with group set G = {{i,i + 13} : 0 <i < 12} U
{{26, 27, 28, 29, 30, 31, 32, 33}}. The base blocks below will be developed under the follow-
ing automorphism group:

(012345678 --- 192021222324 25)(26 27)(28 29)(30 31)(32 33))

(1,4,7,26)  {2,4,20,27) {8,11,16,23} {0,6,11,21} {9, 16,24, 31}
(1,3,21,32) {0, 15,24,31} {10, 11,21,27} {15, 18,25, 31} {9, 21, 23, 24}
{6,9,11,33} {11, 18,20, 26} {0, 14, 18,30} {6, 14,17,32} {7,9,11, 18}
{0,7,11,26})  {6,9,17,23) {3,6,22,24} {8,20,24,32} {9, 10, 12, 30}
(10,21, 25,29} {6, 16, 20,23} {9, 10,24,33} {5,7,13,29} {2,9, 10, 14}
(13,14, 20,32} {0, 12, 17,27} {7,10, 11,28} {3,8,20,31} {10, 13, 19,28}
(15,16,21,31} {14, 19, 23,32} {3,7,8,27} {13, 19,23, 30} {3, 12, 13,21}
{0,8,20,26} {0, 10,19, 33} {16,17,20,24} {0, 1,20,25} {1,219, 28}
2,7,12,28) {1,2,11,17) {1, 13,20,29} {0, 14,24,29} {0,2,6, 12}
(0,17, 21,23}

Lemma 6.10 There exists a 4-HF>(3% : 2).

Proof We construct the 4-HF,(3% : 2)on X = Zzy U {o0g, 001, 002, 003} with group set
G =G ={i,i+15} : 0 <i < 14} U {Ge; = {00;,00;42} : 0 < i < 1} and
hole set ¥ = {F; : 0 < i < 5} with the common hole Fy = {Gs, : 0 < i < 1} and
Fi = {Gi_1,Gita,Gito} U Fy for 1 < i < 5. We list the base blocks below which are
developed under the group Z3.

{0,1,8, 000} {0,2, 13,000} {0,3,9,000} {0,4, 16,000} {0,4,6,20}
{0,1, 13,001} {0,2,6,001} {0,3, 11,001} {0,7, 16, 001} {0, 1,2, 22}
{0,1,3, 002} {0,4, 13,002} {0,6, 14,002} {0,7, 18, 002} {0, 14, 20, 26}
{0,1,9, 003} {0,2, 14,003} {0,3,7,003} {0,6,17, 003} {0,3, 13,20}
{0, 18, 20, 27} {0, 10, 26,29} {0,3,17,25} {0,8,19,28} {0,8, 18,26}
{0, 19, 26,27} {0, 13,22, 26} {0, 13,21,27} {0, 12, 14,23} {0, 2, 3, 19}
{0,1,12,18} {0,2,24,27} {0,5,21,26} {0,5,19,24} {0, 13, 18,25}
{0,2,4,7}  {0,2,8,25) {0,18,21,28} {0,9,20,21} {0,4,10, 11}
{0,1,7,14} {0, 24,25, 29}.

m}

Lemma 6.11 There existsa GDD(3, 4, 2n+8) of type 2”81f0ralln =0,1(mod 6),n >6
andn # 12.

Proof Forn = 6,7, 13, the required designs exist by Lemmas 6.8 and 6.9. For each given
n==6m-+s,s €{0,1}, m > 3, there exists a {4, 6}—CS(2("_5)/6 : 2). Apply Lemma 2.4
with a 4-HF,(3*~! : s 4+ 1) and a GDD(3, 4, 6k) of type 6% with k € {4, 6} to obtain a 4-
HF,(6"*=9)/6 : s +4). Then applying Lemma 6.3 with a GDD(3, 4, 2s +20) of type 267581,
we get a GDD(3, 4, 2n + 8) of type 2"8!. Here, the input designs are from Theorem 3.1,
Lemmas 6.5, 6.8 and 6.10. O
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Theorem 6.3 There exists a 4-HF>((3n + )3 : s) foralln > 0ands > 1.

Proof In [10, Theorem 3.4], Hartman constructed a CQS((6n + 25)3 : 25) for each integer
n>0ands >1lonX ={a; :a € Zey42s, 1 € Z3}U{001, 002, ..., 0025} with three groups
{{ai : a € Zen4os} 1 i € Z3} and a stem {ooq, 002, ..., 002}. Let the block set be 15, in
which there is a set of blocks

¢ = {ai. by, cizr. di1) : {a, b} € FY {c.dy e FY),
l<k<4n+2s—1,i € Z3},

where Fl.(l) IFi(z) [... |F[(4"+25_1) is a one-factorization of the graph on Zg, 2, x {i} defined
by the simple pairing P(n, 2s) constructed in [10, Theorem 3.3]. Clearly, 4n +2s — 1 > 1.
The desired 4-HF»((3n + s)? : s) will be on X with the group set G = {{a;, bj} : {a, b} €
F"i € Z3} U {{oo;, 00145} : 1 < i < s}, three holes Fiy1 = {{a;, b} : {a,b) €
Fi(l)} U Fo, i € Z3 intersecting on a common hole Fy = {{o00;, 00;44} : 1 <i <s}.
Let

¢1 = ({ai. by, cip1. diz1)  {a. b} € FV {c.dy e F]).i € Z3).

Note that ¢1 C ¢ and each block in ¢; intersects two groups in G which are from two distinct
holes. It is readily checked that B\ ¢ is the block set of the desired 4-HF ((3n + $)3:s).0

Lemma 6.12 There exists a GDD(3, 4, 2n + 8) of type 2ngl foralln = 3,16 (mod 18),
n > 16 and n # 34.

Proof For each given n = 18k + 3 with k > 1, there is a 4-HF»((3(2k — 1) +4)3 : 4) by
Theorem 6.3. By applying Lemma 6.3 with a GDD(3, 4, 12k + 10) of type 20k+181 from
Lemma 6.11, we get a GDD(3, 4, 2n + 8) of type ongl

For each given n = 18k + 16 with k > 0 and k # 1, there is a 4-HF, ((6k + 5)3:53) by
Theorem 6.3. Then applying Lemma 6.3 with a GDD(3, 4, 12k + 20) of type 2¥+68! from
Lemma 6.11, we get a GDD(3, 4, 2n + 8) of type ongl O

Combining Lemmas 6.11 and 6.12, we obtain

Theorem 6.4 There exists a GDD(3, 4, 2n + 8) of type 2"81f0r alln =0,1,3,6,7,12, 13,
16 (mod 18), n > 6 except possibly for n = 12, 34.

7 Conclusion

In this article, we determine the minimum size of a constant weight covering code (n, 4, 3, 1)
over Z, foralln > 4,g = 3,40rq = 2" +1withm > 2,leaving the only case (g, n) = (3, 5)
in doubt. The problem was solved by establishing an equivalent existence result for group
divisible coverings of triples by quadruples using different types of H-frames, which play
a crucial role in the recursive constructions of group divisible 3-designs similar to that of
candelabra systems in the constructions of 3-wise balanced designs. This approach has also
been proved to be quite effective to deal with the existence problems for nonuniform group
divisible 3-designs with block size four and types 2"u' with u = 6, 8. We believe that the
theory of candelabra systems and H-frames will be proved useful for solving the general
exis&ence problem on nonuniform group divisible 3-designs with block size four and type
g"u.

@ Springer



160 X. Zhang et al.

Acknowledgments The authors express their gratitude to the two anonymous reviewers for their detailed
and constructive comments which are very helpful to the improvement of the technical presentation of this
article. Research supported by the Scholarship Award for Excellent Doctoral Student granted by Ministry of
Education for the second author, and by the National Outstanding Youth Science Foundation of China under
Grant No. 10825103, National Natural Science Foundation of China under Grant No. 10771193, Specialized
Research Fund for the Doctoral Program of Higher Education, Program for New Century Excellent Talents in
University, and Zhejiang Provincial Natural Science Foundation of China under Grant No. D7080064 for the
last author.

References

Baker R.D.: Partitioning the planes of AG»,, (2) into 2-designs. Discrete Math. 15(3), 205-211 (1976).
. de Caen D.: Extension of a theorem of Moon and Moser on complete subgraphs. Ars Comb. 16, 5-10
(1983).
3. Cohen G.D., Karpovsky M.G., Mattson H.F. Jr., Schatz J.R.: Covering radius—survey and recent results.
IEEE Trans. Inform. Theory 31(3), 328-343 (1985).
4. Colbourn C.J., Dinitz J.H. (eds.): Handbook of Combinatorial Designs, 2nd edn. Discrete Mathematics
and its Applications. Chapman & Hall/CRC, Boca Raton (2007).
5. EtzionT., Wei V., Zhang Z.: Bounds on the sizes of constant weight covering codes. Des. Codes Cryptogr.
5(3), 217-239 (1995).
6. Fort M.K. Jr., Hedlund G.A.: Minimal coverings of pairs by triples. Pac. J. Math. 8, 709-719 (1958).
7. Granville A., Hartman A.: Subdesigns in Steiner quadruple systems. J. Comb. Theory Ser. A 56(2),
239-270 (1991).
8. Gray R.M., Davisson L.D.: Source coding theorems without the ergodic assumption. IEEE Trans. Inform.
Theory IT-20, 502-516 (1974).
9. Hanani H.: On quadruple systems. Can. J. Math. 12, 145-157 (1960).

10. Hartman A.: Tripling quadruple systems. Ars Comb. 10, 255-309 (1980).

11. Hartman A.: A general recursive construction for quadruple systems. J. Comb. Theory Ser. A 33(2),
121-134 (1982).

12. Hartman A., Mills W.H., Mullin R.C.: Covering triples by quadruples: an asymptotic solution. J. Comb.
Theory Ser. A 41(1), 117-138 (1986).

13. Heinrich K., Yin J.: On group divisible covering designs. Discrete Math. 202(1-3), 101-112 (1999).

14. Honkala L.S.: Modified bounds for covering codes. IEEE Trans. Inform. Theory 37(2), 351-365 (1991).

15. JiL.: An improvement on covering triples by quadruples. J. Comb. Des. 16(3), 231-243 (2008).

16. JiL.: Animprovement on H design. J. Comb. Des. 17(1), 25-35 (2009).

17. Kalbfleisch J.G., Stanton R.G.: Maximal and minimal coverings of (k — 1)-tuples by k-tuples. Pac. J.
Math. 26, 131-140 (1968).

18. Keranen M.S., Kreher D.L.: Transverse quadruple systems with five holes. J. Comb. Des. 15(4), 315-340
(2007).

19. Lauinger K.A., Kreher D.L., Rees R., Stinson D.R.: Computing transverse 7-designs. J. Comb. Math.
Comb. Comput. 54, 33-56 (2005).

20. Mills W.H.: On the covering of triples by quadruples. In: Proceedings of the Fifth Southeastern Confer-
ence on Combinatorics, Graph Theory and Computing, Florida Atlantic University, Boca Raton, 1974,
pp. 563-581. Congressus Numerantium, No. X. Utilitas Math., Winnipeg (1974).

21. Mills W.H.: A covering of triples by quadruples. In: Proceedings of the Twelfth Southeastern Confer-
ence on Combinatorics, Graph Theory and Computing, Vol. II, Baton Rouge, 1981, vol. 33, pp. 253-260
(1981).

22. Mills W.H.: On the existence of H designs. In: Proceedings of the Twenty-first Southeastern Conference
on Combinatorics, Graph Theory, and Computing, Boca Raton 1990, vol. 79, pp. 129-141 (1990).

23. Schonheim J.: On coverings. Pac. J. Math. 14, 1405-1411 (1964).

24. Swift J.D.: A generalized Steiner problem. Rend. Mat. 2(6), 563-569 (1969).

25. Turédn P.: On the theory of graphs. Colloquium Math. 3, 19-30 (1954).

26. Wang J., Ji L.: A class of group divisible 3-designs and their applications. J. Comb. Des. 17(2), 136-146
(2009).

27. Zhuravlev A.A., Keranen M.S., Kreher D.L.: Small group divisible Steiner quadruple systems. Electron.

J. Comb. 15(1), Research Paper 40, 14 pp (electronic) (2008).

o —

@ Springer



	Optimal constant weight covering codes and nonuniform group divisible 3-designs with block size four
	Abstract
	1 Introduction
	2 Preliminary
	3 Optimal ternary constant weight covering codes
	4 Optimal quaternary constant weight covering codes
	5 Optimal constant weight covering codes over Z2m+1
	6 Nonuniform group divisible 3-designs with block size four
	6.1 u=4
	6.2 u=6
	6.3 u=8

	7 Conclusion
	Acknowledgments
	References


